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Atsc405: Lecture Summary: Surface tension

1) Surface energy φ

Now look at surface energy in another way – how much energy/kg is required to increase a
droplet radius by dr? I will denote the total surface energy (J) by Φ = σA, where σ J m−2

is the surface tension and A m2 is the area of the droplet. We have:

∆Φ = ∆A× σ (1a)

=
d4πr2

dr
∆r × σ (1b)

= 8πσr∆r (1c)

Per unit mass this can be written:

φ =
∆Φ

∆m
=

8πσr∆r
d
dr

(4/3πr3ρl)∆r
=

8πσr∆r

4πr2ρl∆r
= constant × ∂Φ

∂r
=

2σαl

r
(2)

which you should confirm has units of J kg−1. In words this is the amount of surface energy
required to add a kg of water to a population of drops, all of radius r, by increasing the radius
of each drop by a small amount. Note the analogy between h = ∂H/∂m and φ = ∂Φ/∂m.

Note that this reduces the latent heat by making liquid water more expensive to create
from vapor. To get an idea of how big this effect is, look at some numbers for a saturated
mixture at 0 ◦C.

First, find uv − ul for a flat surface given what we know about lv(0
◦C) = hv − hl.

lv = 2.5 × 106 J kg−1 = T (sv − sl) = uv − ul + esαv (3)

where as usual we’re considering αl ≈ 0.
Since es(0

◦C)= 0.6 kPa, I get αv = (RvT/es) = 210 m3 kg−1, so for a flat surface:

uvf − ulf = lv(0
◦C) − 600 Pa · 210 m3 kg−1 = 2.4 × 106 J kg−1 (4)

But if the surface is curved, the total energy ul + φ required to build the liquid phase
increases and the new latent heat is going to be smaller for droplets than for a flat water
surface:

lv = uvf −
(
ulf +

2σαl

r

)
+ ec(αv − αl) (5)

where ec is the vapor pressure over the curved surface.
Putting in numbers for a (tiny) 0.01 µm radius drop I get that 2σαl/r = 15, 000 J kg−1

or about 1% of (uvf − ulf ).
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