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1. Tephigrams/thermo

• Take the derivitive of the moist static energy and, using a tephigram to get dws/dT
estimate the moist adiabatic lapse rate: dT/dz at a point.

2. Size distributions

Describe in as much detail as you can how a thermal diffusion chamber is used to mea-
sure an atmospheric aerosol number and mass distribution n(D) ( m−3 µm−1), m(D) (
kg m−3 µm−1) for a mixture of amonium bisulphate and sodium chloride aerosols. What
are the physical principals behind the instrument? What assumptions need to be made?
Which would you trust more n(D) or m(D), and why?

3. Free energy

(a) Use equation (34) to show that, for a closed system consisting of a flat puddle of
water in equilibrium with vapor at temperature T, gl = gv.

(b) Consider another system at the same temperature in which the same amount of
liquid is redistributed as droplets of radius 0.1 µm. Would this system have a lower
or higher gv in equilibrium? Why?

(c) How would the introduction of sulphate aerosols into each of these drops change the
equilibrium value of gv and gl?

4. Kelvin equation

Show using 35 is that for pure supersaturated water the equilibrium droplet radius found
by setting ∂E

∂r
= 0 is unstable.

5. Show that the energy difference between a sheet of polluted water with activity aw and
vapor with partial pressure e is given by:

gl − gv = −RvT ln

(
e

es(T )aw

)
(1)

6. Explain the physical reasons (i.e. talk in terms of molecules) why:

• Increasing the activity makes the difference less negative

• Decreasing the vapor pressure makes the difference less negative

Why does a low value of the activity help droplets to form?

7. The figure below shows typical aerosol number, surface area and volume distributions.

(a) Derive an equation relating dV/d logD to dN/d logD.

(b) Explain how you would find the average radius of the aerosol distribution using data
from this figure.
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Figure 1:

8. Suppose a cloud chamber is filled with aerosols with masses between 10−19 − 10−17 kg.
The saturation S=e/es in the chamber is gradually increased from 0.9 (below Scrit for all
the aerosols) to 1.1 (above Scrit for all aerosols). Pick two aerosols with different masses
and describe qualitatively (and using graphs of their Köhler curves) what happens to
them (growth?, evaporation?, equilibrium?, non-equilbrium?) as the supersaturation is
increased, and why.

9. A laser is used to measure the total number of water droplets (with, say, radii bigger than
3 µm) in the chamber at each saturation as we ramp up S. Explain how this can be used
to get the mass size distribution (i.e. m(D) where m(D)dD is the dry mass of the aerosols
with diameters between D and D+dD) of the dry aerosols?

10. For the cloud chamber shown in this picture:
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Why is the vapor pressure e a linear function of distance between the plates? (Hint: what
is the profile of wv between the top and bottom?)

11. Show using a Taylor’s series expansion that the activity aw can be approximated as:

aw =
nw

ns + nw
≈ 1− b

r3
(2)

where b is given by the formula on page 9

12. Consider the following figure:
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(a) Which of the three aerosol masses m1, m2, m3 is largest? How do you know?

(b) Give a physical explanation (i.e. argue in terms of the energies of vapor and liquid)
why the equilibrium vapor pressure increases rapidly with radius near point a, and
decreases with radius near point b.

13. Starting with the expression for the Gibbs free energy:

dg ≤ −sdT + αde (3)

Show that the energy difference between a flat sheet of pure water and vapor with partial
pressure e is given by:

gl − gv = −RvT ln

(
e

es(T )

)
(4)

14. For a mixture of liquid and vapor G = mvgv +mlgl. Use that fact to show that e = es(T )
in equilibrium. What assumptions have you made?

15. Suppose we have water vapor at a supersaturation of 5% and a temperature of 280 K,
and that es(280) = 10 hPa. How much energy, in Joules, could the system release by
condensing out a mass of water equivalent to a single 0.01 µm drop? How does that
compare to the surface energy required to build that drop? Explain the significance of
these numbers for the process of cloud formation in the atmosphere.
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16. How is (30) related to the Clausius-Clapeyron equation?

17. What is droplet “activation?”

CAPE

CA1 How would you calculate the CAPE of a sounding given the python thermodynamics
library developed in this course?

Droplet growth

D1 Approximately how many seconds does it take to double the radius of a 10 µm drop
exposed to a supersaturation of 1%, at a temperature of 280 K? (Neglect Kelvin and
Raoult effects).

D2 What is steady about “steady state” droplet growth? Explain, using appropriate equations
for the droplet mass and the vapor density.

D3 This figure shows that if you quadruple the updraft velocity of a parcel containing aerosols
from a weak (0.5 m s−1 ) to strong (2 m s−1 ), you: 1) increase the maximum supersat-
uration of the parcel, 2) increase the droplet concentration, 3) decrease the average drop
size. Use your knowledge of the droplet growth equation, aerosol size distributions and
the Köhler curve to explain 1-3.

Figure 2:

D4 Show using the droplet growth equation (and neglecting the Raoult and Kelvin terms) that
if the environmental supersaturation remains fixed, the radial growth rate dr/dt decreases
with increasing r. Why is this important?

D5 Suppose you have N = 108m−3 aerosols, all the same size and composition with a critical
saturation of S=1.005. These aerosols are placed in an adiabatic updraft (vertical veloc-
ity=0.5 ms−1) with an initial saturation of S= 0.8 and a temperature of 280 K. Explain in
as much detail as possible how you could calculate the growth of these aerosols into cloud
droplets as a function of time (assuming that you can calculate the change in a quantiy
like mass ∆m during a time step ∆t via ∆m = dm

dt
∆t). Use the equations listed below

and whatever other relations you think necessary. Assume that you also know the shape
of their Köhler curve, and don’t forget to discuss how you would start the calculation.
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D6 Explain how, and why, the supersaturation over the drop surface and the drop growth
rate would change for each of the following:

• A decrease in the surface tension, σ

• Radiative cooling of the drop.

• An increase in the latent heat of vaporization

• A increase in the number of sulphate ions on the drop surface

D7 Show with the help of a figure why:

∂ρv
∂t

= D∇2ρv (5)

Coalescense:

C1 (a) Make a sketch of the the collision efficiency E as a function of ratio of small droplet
radius to collector radius for a given collector drop. Why does E exceed 1 for large
values of the ratio?

(b) What is the difference between stochastic and continuous collection? Explain how
stochastic collection can account for the observation rapid development of precipita-
tion in warm clouds.

(c) Why are the details of the coalescence process less important in clouds with ice?

C2 Suppose you know that cloud drops have a size distribution given by

N(r) = N0 exp(−χr) (6)

where N(r) (m−3) is the number of drops with radius > r (for radii 50 µm < r < 200 µm
) and N0 and χ are constants. Suppose also that the drop fall speed v(r) (m s−1) depends
on linearly on radius:

v(r) = Jr (7)

Derive equations (with unit conversions if necessary) for:

(a) The liquid water content (kg m−3)

(b) The precipitation rate (mm hr−1)

C3 Show that a simple model of the growth of rain drops (43) predicts exponential growth
of drop radius with time. How large is the time constant for this growth? (assume a
droplet population with wl = 0.3 g m−3 and state any other assumptions you make).
What processes need to be added to (43) to make the description of rain formation more
accurate? Explain.

Python

P1 Suppose you put 1 kg of liquid water in a sealed 5 liter container at 280 K. Describe qual-
itatively how you would write a python script to accurately determine the mass of vapor
and liquid at equilibrium. (Hint: think about using the fzero rootfinder, and conservation
of mass and volume).

P2 Write python function that would evaluate derivatives needed to find wl as with height
assuming saturation, constant θe, conservation of water in a hydrostatic atmosphere.
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Thermo

T1 We’ve seen equations for θ, h, θe, θes, sme, G, and S. For each of these pick a situation in
which it is the variable of choice to describe a system or process, and explain what it is
about the variable that makes it particularly well suited to the problem.

T2 We know that a plume of dry air is continually mixing in air from its environment, yet a
balloon sounding will show that its temperature/pressure profile is very close to adiabatic.
How is this possible?

T3 Two pots of water sit side by side. One is completely insulated, the other is free to
exchange energy with an infinite reservoir at the same temperature. You put a liter of
liquid water (again at the same temperature) in each and seal them. Describe qualitatively
how you would find the equilibrium temperature and vapor pressure in each pot using (you
could use python), and why they will be different, even if the liquid water is starts at the
same temperature in each.

T4 Find the entropy of a kg of vapor referenced to liquid water at temperature Tp and pressure
es(Tp) in contact with thermal reservoir. Show that reversibly moving 1 kg of water from
liquid to vapor while keeping the temperature and presure constant requires that the
reservoir supply the vapor + liquid system with entropy S = lv

T
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Equation sheet

du = q dt− w dt = q dt− p dα (8)

e = ρv Rv T (9)

p = ρRd Tv (10)

w dt = p dα (11)

h = u+ pα (12)

Tv = T (1 + 0.608wv − wl) (13)

wv = ρs/ρd = ε
es

p− es
(14)

dh = cpx dT (dry air or liquid) (15)

dh = cp dT + lv dwv (air/water mixture)
(16)

dh = T ds+ α dp (reversible) (17)

ds = cp
dθ

θ
= cp

dT

T
−Rd

dp

p
(18)

ds ≥ q dt

T
(19)

lv = hv − hl (20)

dp = −ρ g dz (21)

dhm = cp dT + lv dwv + g dz (22)

ds = cp
dθe
θe

= cp
dθ

θ
+
lv dws
T

(23)

ds = cp
dθl
θl

= cp
dθ

θ
− lv dwl

T
(24)

buoyancy = g
ρe − ρp
ρe

≈ g
Tvp − Tve

Tve

= g
T ′v
Tv
≈ g

θ′

θ
(25)

z′(t) = z′(0) cosNt (26)

N2 =
g

T
(Γd − Γ) (27)

dwv =
wv
p− e

(p
e
de− dp

)
(28)

f(x) = f(x0) + f ′(x0)(x− x0)

+
f ′′(x0)

2
(x− x0)2 + . . . (29)

lv = T (s∗v − sl) (30)

des
dT

=
lves
RvT 2

(31)

hl = cl(T − Tp) (32a)

hv = lv0 + cpv(T − Tp) (32b)

sd = cpd log T −Rd log pd (32c)

sl = cl ln
T

Tp
(32d)

sv = cpv ln
T

Tp
−Rv

e

es0
+
lv0
Tp

(32e)

g = u+ pα− Ts = h− Ts (33)

dg ≤ −sdT + αdp (34)

E = mvgv +mlgl + 4πσr2 (35)

∫ e

awes

d(gl − gv) ≈ −RvT ln

(
S

aw

)
(36)

eχ = es(T )(nw/(nw + ns)) exp(a/r)

= es(T )(1 +
a

r
− b

r3
) (37)

scrit = 1 +

(
4a3

27b

)1/2

(38)
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rcrit =

(
3b

a

)1/2

(39)

cp
dθ′e
θ′e

=
dm

m

∆hm
T ′

(40)

1

m

dm

dt
= λ (41)

dw′T
dz

= (w − w′T )λ̂ (42)

dM

dt
= πR2E(V (R)− V (r))wl (43)

where V(r) ≈ 0 and V(R) ≈ JR (with J=6000
s−1, Rinm)

dm

dt
= 4πrD(ρv∞ − ρvr) (44)

a 2σ
ρwRvT

b imMw

(4/3)Msπρ

σ 0.075 J m−2

ρw 1000 kg m−3

cpd 1006 J kg−1 K−1

cpv 1870 J kg−1 K−1

cl 4190 J kg−1 K−1

D 2.36 ×10−5 m2 s−1

Rd 287 J kg−1 K−1

Rv 461 J kg−1 K−1

k 1.381 ×10−23 J K−1 molecule−1

lv0 2.5 ×106 J kg at 0 deg C K ≈ 2.5× 10−2 J m−1 s−1K−1 D ≈ 2.4× 10−5 m2 s−1


